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Abstract
We solve explicitly the Goldstone modes in spontaneously symmetry breaking models with
supersymmetry. We find that, when more than one fields or representations contribute to the
symmetry breaking, there exist identities among the Clebsch-Gordan coefficients which can be
used as consistent checks on the calculations.
1 Introduction
Spontaneously Symmetry Breaking (SSB)[1, 2, 3] is a very important concept in setting up
the Standard Model (SM)[4, 5, 6]. It is also needed in building models of the Grand Unified
Theories (GUTs)[7, 8] and the Supersymmetric (SUSY) GUTs [9, 10, 11]. When SSB happens,
the neutral components of scalar fields develop Vacuum Expectation Values (VEVs) to break the
symmetry, while the other components corresponding to the broken generators of the symmetry
become massless Goldstone bosons. In gauge theory, these Goldstones become the longitudinal
components of the gauge fields to make them massive[12, 13, 14, 15, 16], and we will call these
scalar fields the Higgs fields. Furthermore, when the theory is SUSY, the Goldstinos, which are
the fermionic partners of the Goldstones, are also massless and, in gauge theory, give masses to
the gauginos, the fermionic partners of the gauge fields.
In GUT models, especially in the SUSY GUT models beyond the minimal SU(5), there are
generally several Higgs fields which break a same symmetry. The SO(10) examples can be found
in [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. However, the SSB in these models
has not been given a general treatment. The contents of the Goldstones have not been studied
systematically. In the literature, to check whether the SSB happens, numerically studies are
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common [19, 22, 25, 28]. In this paper, we will show the contents of the Goldstones in SUSY
models so that numerical tests are not needed.
The study of SSB can be easier in the supersymmetric models, in which the Goldstones and
the Goldstinos share the same contents in the case that several Higgs fields contribute to the
same SSB. The Goldstinos satisfy the zero eigenvalue equations which are linear in the mass
matrices. Such equations are easier to solve than those for the Goldstones which are quadratic
in the mass mactirces.
In this work, we will study the Goldstone modes in the general SUSY models. We will show
explicitly that for a Goldstone mode for the SSB, besides the constituent in any representation
is proportional to the relevant VEV in the same representation and does not depend directly
on the parameters of the models, only the Clebsch-Gordan coefficients (CGCs) are relevant. We
find some non-trivial identities among the CGCs. We will first show the method in the cases that
only real representations are involved, then generalize to the cases with complex representations,
and present some identities in the simplest cases of SU(2) whose CGCs were well studied in the
literature. Although most of identities for SU(2) CGCs in the literature are related to the
angular momentum theory in Quantum Mechanics, a series of identities among CGCs of SU(2)
group that we present in this paper are new, due to the fact that they are obtained through the
new perspective to the study of SSB.
2 SSB for All Real Representations
In studying the Goldstone modes we need to identify their related broken symmetries. For
example, in the SO(10) models, the Goldstones with the SM representations (1, 1, 1) + c.c. are
relevant to the SSB of the SO(10) subgroup SU(2)R into U(1)I3R , (3, 1,
2
3
)+ c.c. to SU(4)C into
SU(3)C⊗U(1)B−L, (3, 2,−
5
6
)+c.c. to SU(5) into the SM, and (3, 2, 1
6
)+c.c. to the flipped SU(5)
into the SM. We will study the SSB of these subgroups instead of the SO(10), since in a complete
representation of SO(10), there might be more than one SM singlets which can develop VEVs
to break different SO(10) subgroups, and there might be more than one Goldstone components
which have the same SM representations but cannot be distinguished if the broken subgroups
are not identified.
Here we consider the SSB of the G1 → G2 within SUSY models, so that within a repre-
sentation of G1 all the components are distinguished by their representations under G2. To
start with, we consider the simplest case where all representations are real. The general Higgs
superpotential can be written as
W =
1
2
∑
I,i
mI(Ii)
2 +
∑
IJK,ijk
λIJKIiJjKk, (1)
where I, J,K denote the superfields, i, j, k denote the representations underG1. The superscripts
in λIJK is used to ensure all possible terms are included when there exist more than one fields
in the same representations.
Under G2, the couplings in (1) are of the forms
λIJKIiaJjbKkcC
ijk
abc , (2)
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where a, b, c are the representations under G2, and C
ijk
abc is the Clebsch-Gordan coefficient (CGC)
in the sense that the coupling among the field components Iia , Jjb ,Kkc is definite. In the SSB a
singlet of G2 can have a VEV which will be denoted as, e.g., Ii0 where i0 stands for a G2 singlet.
SUSY requires the F-flatness condition for the singlet,
0 ≡ FIi0 =
〈
∂W
∂Ii0
〉
= mIIi0 +
∑
JK,jk
λIJKJj0Kk0C
ijk
000. (3)
The Goldstinos in the SSB will be denoted by representations α,α under G2. The mass
matrix element for the Goldstinos is
M ILiαlα¯ =
〈
∂2W
∂Iiα∂Llα¯
〉
= mIδILδil +
∑
JK,jk
λIJK(Kk0C
ijk
αα¯0δJLδjl + Jj0C
ijk
α0α¯δKLδkl). (4)
ĜIiα¯ denotes the component of the Goldstino corresponding to the α¯ under G2, and it satisfies
the zero-eigenvalue equation
0 ≡
∑
L,l
M ILiαlα¯Ĝ
L
lα¯
= mIĜ
I
iα¯ +
∑
JK,jk
λIJK(ĜJjα¯Kk0C
ijk
αα¯0 + Ĝ
K
kα¯
Jj0C
ijk
α0α¯). (5)
Eliminating mI in (3,5), it gives
0 = ĜIiα¯
∑
JK,jk
λIJKJj0Kk0C
ijk
000 − Ii0
∑
JK,jk
λIJK(ĜJjα¯Kk0C
ijk
αα¯0 + Ĝ
K
kα¯
Jj0C
ijk
α0α¯). (6)
It is now clear that if a representation of G1 does not contain a G2 singlet, even if it may contain
the same representations as the Goldstinos, it does not contribute to the Goldstinos since the
mI term cannot be eliminated unless multiplied by zero.
The superpotential parameters can be arbitrary so that we can focus on a specified coupling
λIJK , and the summations are unnecessary. Furthermore, denoting
T Iiα¯ =
ĜIiα¯
Ii0
, · · · , (7)
we have
0 = T Iiα¯ λ
IJKJj0Kk0C
ijk
000 − T
Jj
α¯ λ
IJKJj0Kk0C
ijk
αα¯0 − T
Kk
α¯ λ
IJKJj0Kk0C
ijk
α0α¯,
therefore the nonzero factor λIJKJj0Kk0 can be eliminated. Reiterating the same operations for
J,K gives
0 =

−Cijk000 C
ijk
αα¯0 C
ijk
α0α¯
C
ijk
α¯α0 −C
ijk
000 C
ijk
0αα¯
C
ijk
α¯0α C
ijk
0α¯α −C
ijk
000


T Iiα¯
T
Jj
α¯
TKkα¯
 , (8)
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and a similar result can be given for the Goldstino in α. Taking all different couplings λIJK will
setup all relations among the Goldstino components. This determines the Goldstino contents
up to an overall normalization.
There are several interesting implications following (8). The Goldstino, and thus the Gold-
stone, have components proportional to the VEVs in the G1 representations (see (7)) and are
independent of any masses or couplings. In general gauge theories with SSB, the same findings
follow the eliminations of the kinematic mixing between the gauge fields and the derivatives of
the Goldstones. The CGC dependence are what we get in the present approach in the SUSY
models. Also, it implies the identity∣∣∣∣∣∣∣∣∣∣∣
−Cijk000 C
ijk
αα¯0 C
ijk
α0α¯
C
ijk
α¯α0 −C
ijk
000 C
ijk
0αα¯
C
ijk
α¯0α C
ijk
0α¯α −C
ijk
000
∣∣∣∣∣∣∣∣∣∣∣
= 0, (9)
for the representations which may serve as Goldstinos. There are also relations among the
CGCs when different couplings have a same superfield in common. In general gauge theories,
the constituents of the representations in the Goldstones are also proportional to the matrix
elements of the broken generators. For high representations in complicated groups, the explicit
constructions of these generators are not available and thus independent checks of the Goldstone
modes are lack. In the present approach, (8) can be used as independent checks of the calculated
CGCs and the Goldstones.
Special cases are also needed to be discussed.
1) For J = K and j = k, we have
0 =
 −Cijj000 2Cijjαα¯0
C
ijj
α¯α0 C
ijj
0αα¯ −C
ijj
000
 T Iiα¯
T
Ij
α¯
 . (10)
2) For I = J = K and i = j = k, the result is
Ciii000 = 2C
iii
α0α¯, (11)
under the condition Ciii000 6= 0.
3) If in a coupling λIJKijk , k doesn’t contain α,α, then
0 =
 −Cijk000 Cijkαα¯0
C
ijk
α¯α0 −C
ijk
000
 T Iiα¯
T
Jj
α¯
 . (12)
3 SSB with Complex Representations
Supposing that all the representations are complex, the general superpotential can be written
as
W =
∑
I,i
mIIiI¯i¯ +
∑
IJK,ijk
λIJKIiJjKk +
∑
I¯ J¯K¯ ,¯ij¯k¯
λI¯ J¯K¯ I¯i¯J¯j¯K¯k¯ . (13)
4
Similar to the case of real representations, all the complex representations need to contain
singlets of G2. Otherwise, they will not contribute to the Goldstone modes. However, i (or
i¯, · · · ) may contain either Goldstino α, or α, or both. Here we assume that all representations
contain both α and α at first.
Since the arbitrariness of the parameters, it is sufficient to consider one pair of λIJK and
λI¯ J¯K¯ . Denoting
T Iiα¯ =
ĜIiα¯
Ii0
, T I¯ i¯α¯ =
ĜI¯
i¯α¯
I¯i¯0
, · · · . (14)
The mass matrix is
c: I¯i¯α¯ , J¯j¯α¯ , K¯k¯α¯ , Iiα¯ , Jjα¯ , Kkα¯
r: Iiα , Jjα , Kkα , I¯i¯α , J¯j¯α , K¯k¯α
mI
0
0
0
λI¯ J¯K¯K¯k¯0C
i¯j¯k¯
α¯α0
λI¯ J¯K¯ J¯j¯0C
i¯j¯k¯
α¯0α
0
mJ
0
λI¯ J¯K¯K¯k¯0C
i¯j¯k¯
αα¯0
0
λI¯ J¯K¯ I¯i¯0C
i¯j¯k¯
0α¯α
0
0
mK
λI¯ J¯K¯ J¯j¯0C
i¯j¯k¯
α0α¯
λI¯J¯K¯ I¯i¯0C
i¯j¯k¯
0αα¯
0
0
λIJKKk0C
ijk
α¯α0
λIJKJj0C
ijk
α¯0α
mI
0
0
λIJKKk0C
ijk
αα¯0
0
λIJKIi0C
ijk
0α¯α
0
mJ
0
λIJKJj0C
ijk
α0α¯
λIJKIi0C
ijk
0αα¯
0
0
0
mK

.
(15)
Acting the mass matrix on the Goldstino (I¯i¯0T
I¯
i¯α¯
, · · · )T, and eliminating the mI,J,Ks through
the F-flatness conditions which are
0 ≡ F Ii0 = mI I¯i¯0 + λ
IJKJj0Kk0C
ijk
000, 0 ≡ F
I¯
i¯0
= mIIi0 + λ
I¯ J¯K¯ J¯j¯0K¯k¯0C
i¯j¯k¯
000, · · · , (16)
we obtain
0 =

−Cijk000
0
0
0
C
i¯j¯k¯
α¯α0
C
i¯j¯k¯
α¯0α
0
−Cijk000
0
C
i¯j¯k¯
αα¯0
0
C
i¯j¯k¯
0α¯α
0
0
−Cijk000
C
i¯j¯k¯
α0α¯
C
i¯j¯k¯
0αα¯
0
0
C
ijk
α¯α0
C
ijk
α¯0α
−C i¯j¯k¯000
0
0
C
ijk
αα¯0
0
C
ijk
0α¯α
0
−C i¯j¯k¯000
0
C
ijk
α0α¯
C
ijk
0αα¯
0
0
0
−C i¯j¯k¯000


T I¯
i¯α¯
T J¯
j¯α¯
T K¯
k¯α¯
T Iiα¯
T Jjα¯
TKkα¯

. (17)
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One can see now that only the CGCs, together with the VEVs, are relevant in the Goldstone
modes.
There are special cases to be discussed below.
1) When K is real, the superpotential is
W = mIIiI¯i¯ +mJJj J¯j¯ +
1
2
mKK
2
k + λ
IJKIiJjKk + λ
I¯ J¯K I¯i¯J¯j¯Kk, (18)
the F-flatness conditions for Ii0 , Jj0 , I¯i¯0 , J¯j¯0 give a relation
λI¯J¯K I¯i¯0 J¯j¯0
λIJKIi0Jj0
=
C
ijk
000
C
i¯j¯k
000
≡ X. (19)
The mass matrix is
c: I¯i¯α¯ , J¯j¯α¯ , Kkα¯ , Iiα¯ , Jjα¯
r: Iiα , Jjα , Kkα , I¯i¯α , J¯j¯α
mI
0
λI¯ J¯K J¯j¯0C
i¯j¯k
α¯0α
0
λI¯J¯KKk0C
i¯j¯k
α¯α0
0
mJ
λI¯ J¯K I¯i¯0C
i¯j¯k
0α¯α
λI¯ J¯KKk0C
i¯j¯k
αα¯0
0
λIJKJj0C
ijk
α0α¯
λIJKIi0C
ijk
0αα¯
mK
λI¯ J¯K J¯j¯0C
i¯j¯k
α0α¯
λI¯ J¯K I¯i¯0C
i¯j¯k
0αα¯
0
λIJKKk0C
ijk
α¯α0
λIJKJj0C
ijk
α¯0α
mI
0
λIJKKk0C
ijk
αα¯0
0
λIJKIi0C
ijk
0α¯α
0
mJ

. (20)
Eliminating the parameters mI,J gives
0 =

−Cijk000
0
XC
i¯j¯k
α¯0α
0
C
i¯j¯k
α¯α0
0
−Cijk000
XC
i¯j¯k
0α¯α
C
i¯j¯k
αα¯0
0
C
ijk
α0α¯
C
ijk
0αα¯
−2Cijk000
C
i¯j¯k
α0α¯
C
i¯j¯k
0αα¯
0
C
ijk
α¯α0
C
ijk
α¯0α
−C i¯j¯k000
0
C
ijk
αα¯0
0
C
ijk
0α¯α
0
−C i¯j¯k000


T I¯
i¯α¯
T J¯
j¯α¯
TKkα¯
T Iiα¯
T Jjα¯

. (21)
2) If I = J when K is real, the superpotential is
W = mIIiI¯i¯ +
1
2
mKK
2
k + λ
IIKIiIiKk + λ
I¯ I¯K I¯i¯I¯i¯Kk. (22)
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The mass matrix is
c: I¯i¯α¯ , Kkα¯ , Iiα¯
r: Iiα , Kkα , I¯i¯α 
mI
λI¯ I¯K I¯i¯0C
i¯¯ik
α¯0α
λI¯ I¯KKk0C
i¯¯ik
αα¯0
λIIKIi0C
iik
α0α¯
mK
λI¯ I¯K I¯i¯0C
i¯¯ik
α0α¯
λIIKKk0C
iik
αα¯0
λIIKIi0C
iik
α¯0α
mI
 ,
and the F-flatness conditions are
F Ii0 = mI I¯i¯0 + λ
IIKIi0Kk0C
iik
000,
F I¯i¯0 = mIIi0 + λ
I¯ I¯K I¯i¯0Kk0C
i¯¯ik
000,
FKk0 = mKKk0 + λ
IIKIi0Ii0C
iik
000 + λ
I¯ I¯K I¯i¯0 I¯i¯0C
i¯¯ik
000. (23)
so
0 =

−Ciik000
XC i¯¯ikα¯0α
C i¯¯ikα¯α0
Ciikα0α¯
−Ciik000
C i¯¯ikα¯0α
Ciikαα¯0
Ciikα¯0α
−C i¯¯ik000


T I¯iα¯
TKkα¯
T Iiα¯
 , (24)
where X =
C i¯¯ik000
Ciik
000
.
3) If I = J¯ when K is real, the superpotential is
W = mIIiI¯i¯ +
1
2
mKK
2
k + λ
II¯KIiI¯jKk, (25)
we get
0 =

−C i¯ik000
C i¯ik0α¯α
0
C i¯ikα0α¯
−C i¯ik000
C i¯ik0αα¯
0
C i¯ikα¯0α
−C i¯ik000


T I¯iα¯
TKkα¯
T Iiα¯
 , (26)
4) If I = J = K, the superpotential is
W = mIIiI¯i¯ + λ
IIII3i + λ
I¯ I¯ I¯ I¯3
i¯
, (27)
we get 0 =
 −Ciii000
2C i¯¯i¯iαα¯0
2Ciiiαα¯0
−C i¯¯i¯i000
 T I¯iα¯
T Iiα¯
 , (28)
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5) If J = J¯ ,K = K¯, the superpotential is
W = mIIiI¯i¯ +
1
2
mJ(Jj)
2 +
1
2
mK(Kk)
2 + λIJKIiJjKk + λ
I¯JK I¯i¯JjKk, (29)
and the mass matrix is
c: I¯i¯α¯ , Jjα¯ , Kkα¯ , Iiα¯
r: Iiα , Jjα , Kkα , I¯i¯α
mI
λI¯JKKk0C
i¯jk
α¯α0
λI¯JKJj0C
i¯jk
α¯0α
0
λIJKKk0C
ijk
αα¯0
mJ
λI¯JK I¯i¯0C
i¯jk
0α¯α + λ
IJKIi0C
ijk
0α¯α
λI¯JKKk0C
i¯jk
αα¯0
λIJKJj0C
ijk
α0α¯
λI¯JK I¯i¯0C
i¯jk
0αα¯ + λ
IJKIi0C
ijk
0αα¯
mK
λI¯JKJj0C
i¯jk
α0α¯
0
λIJKKk0C
ijk
α¯α0
λIJKJj0C
ijk
α¯0α
mI

.
(30)
The F-flatness conditions are
F Ii0 = mI I¯i¯0 + λ
IJKIi0Kk0C
ijk
000,
F I¯
i¯0
= mIIi0 + λ
I¯JK I¯i¯0Kk0C
i¯jk
000.
Hence,
0 =

−Cijk000
XC
i¯jk
α¯α0
XC
i¯jk
α¯0α
0
C
ijk
αα¯0
−2Cijk000
XC
i¯jk
0α¯α +C
ijk
0α¯α
C
i¯jk
αα¯0
C
ijk
α0α¯
XC
i¯jk
0αα¯ + C
ijk
0αα¯
−2Cijk000
C
i¯jk
α0α¯
0
C
ijk
α¯α0
C
ijk
α¯0α
−C i¯jk000


T I¯
i¯α¯
T Jjα¯
TKkα¯
T Iiα¯

. (31)
6) If J = K = J¯ = K¯, the superpotential is
W = mIIiI¯i¯ +
1
2
mK(Kk)
2 + λIKKIiKkKk + λ
I¯KK I¯i¯KkKk. (32)
The mass matrix is c: I¯i¯α¯ , Kkα¯ , Iiα¯
r: Iiα , Kkα , I¯i¯α
mI
λI¯KKKk0
(
C i¯kkα¯0α + C
i¯kk
α¯α0
)
0
λIKKKk0
(
Cikkα0α¯ + C
ikk
αα¯0
)
mK
λI¯KKKk0
(
C i¯kkα0α¯ + C
i¯kk
αα¯0
)
0
λIKKKk0
(
Cikkα¯0α + C
ikk
α¯α0
)
mI
 .
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The F-flatness conditions are
F Ii0 = mI I¯i¯0 + λ
IKKKk0Kk0C
ikk
000,
F I¯i¯0 = mIIi0 + λ
I¯KKKk0Kk0C
i¯kk
000, (33)
so
0 =

−Cikk000
XC i¯kkα¯0α
0
Cikkα0α¯
−2Cikk000
C i¯kkα0α¯
0
Cikkα¯0α
−C i¯kk000


T I¯
i¯α¯
TKkα¯
T Iiα¯
 . (34)
7) When a field does not have an α¯ or α component, we can simply eliminate the corresponding
elements in the matrix equation. Supposing that K does not contain α¯ and thus K¯ does not
contain α, then in (17), the upper-left 5×5 elements in the square matrix and the upper 5 fields
in the vector are left. If both J,K have no α¯ component, the square matrix is reduced to be
4 × 4 and vector has only the upper 4 fields. If both J and K have no α¯ component while I
does not contain α, the equation is
0 =

−Cijk000
0
C
i¯j¯k¯
αα¯0
0
−Cijk000
C
i¯j¯k¯
α0α¯
C
ijk
α¯α0
C
ijk
α¯0α
−C i¯j¯k¯000


T J¯
j¯α¯
TKkα¯
T Iiα¯
 . (35)
Many of these results in this and the previous sections have been used to solve the Gold-
stone modes in SUSY SO(10) models. The corresponding results will be present in a separate
publication since details of these models are not commonly known. In the following section, we
will take the SU(2) cases as examples for illustrations of our findings.
4 CGC Identities in SU(2) Models
The CGC identities given in the previous sections may be applied and tested directly in the
SU(2) cases. However, the CGCs we have used previously in this work differ from what they
are defined in the angular momentum theory[33, 34]. Under the traditional notations, a CGC
depends strongly on the order of the three angular momenta not only in the signs but also in
the modula. In field theory this dependence is absent. Supposing in the SUSY models with
SSB of SU(2) above the SUSY breaking scale, if the superpotontial of the form (1) is taken, it
is written in the traditional notations as
W =
1
2
∑
I,i
MI(Iia)
2Ciiaa¯;00 +
∑
IJK,ijk
ΛIJKIiaJJbKkcC
ij
ab;kcC
kk
c¯c;00, (36)
where Cijab;kc ≡ 〈k, c|i, a; j, b〉 and a¯ ≡ −a. The parameters M and Λ are proportional to m and
λ of (1), respectively.
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Translating the previous results into the traditional CGCs[33, 34], for the real representa-
tions, the 0-components can have a VEV while the ±1-components contribute to the Goldstone
mode, we have 
C
ij
0,0;k,0
C
ij
−1,1;k,0
−Cij
−1,0;k,−1
C
ij
1,−1;k,0
C
ij
0,0;k,0
−Cij
0,−1;k,−1
−Cij
1,0;k,1
−Cij
0,1;k,1
C
ij
0,0;k,0


T Ii1¯
T Jj1¯
TKk1¯
 = 0, (37)
so that the determinant ∣∣∣∣∣∣∣∣∣∣∣
C
ij
0,0;k,0
C
ij
−1,1;k,0
−Cij
−1,0;k,−1
C
ij
1,−1;k,0
C
ij
0,0;k,0
−Cij
0,−1;k,−1
−Cij
1,0;k,1
−Cij
0,1;k,1
C
ij
0,0;k,0
∣∣∣∣∣∣∣∣∣∣∣
= 0. (38)
For special cases, the corresponding matrix becomes(
C
ij
0,0;j,0 [1 + (−1)
i+2j ]Cij1,−1;j,0
C
ij
−1,1;j,0 C
ij
0,0;j,0 −C
ij
0,1;j,1
)
, (39)
when J = K in (37), and (
Cii0,0;i,0 [1 + (−1)
3i]Cii1,−1;i,0
Cii
−1,1;i,0 C
ii
0,0;i,0 − C
ii
0,1;i,1
)
, (40)
when I = J = K, following the identities[33]
C
i1j1
m1,m2;j,m
= (−1)j1+j2−jCj1i1m2,m1;j,m, C
i1j1
m1,m2;j,m
= (−1)j2+m2
√
2j + 1
2j2 + 1
C
i1j
m1,−m;j2,−m2
. (41)
. The determinants of all these matrices are zero.
In SU(2), although a representation of dimension 2n+1 is self-conjugate for an integer n, it
need to be taken as complex when it carries an extra charge. Examples of this kind include the
SSB of SU(2)R×U(1)B−L into U(1)Y and of SU(2)L×U(1)Y into U(1)EM , although the latter
SSB happens below the SUSY breaking scale and is not relevant to the present study. So we
focus on the superpotential of the form (13). Supposing a field as I which is dimension 2i + 1
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under SU(2) and its i0 component develops a VEV, we get the identity∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
C
ij
i0,j0;k,k0
0
0
0
C
ij
i+,j−;k,k0
−Ciji+,j0;k,k+
0
C
ij
i0,j0;k,k0
0
C
ij
i
−
,j+;k,k0
0
−Ciji0,j+;k,k+
0
0
C
ij
i0,j0;k,k0
−Ciji
−
,j0;k,k−
−Ciji0,j−;k,k−
0
0
C
ij
i
−
,j+;k,k0
−Ciji
−
,j0;k,k−
C
ij
i0,j0;k,k0
0
0
C
ij
i+,j−;k,k0
0
−Ciji0,j−;k,k−
0
C
ij
i0,j0;k,k0
0
−Ciji+,j0;k,k+
−Ciji0,j+;k,k+
0
0
0
C
ij
i0,j0;k,k0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,
(42)
where i± = i0 ± 1, etc.. Note that in (42), i0, j0, k0 = i0 + j0 take all allowed values therefore
this identity is very general.
Most of the special cases follow the general discussions in the previous sections. For J,K
does not contain α¯, i.e. j0 = −j, k0 = −k, I does not contain α following the triangle rule and
i+ j = k, (42) reduces to a 3× 3 whose determinant turns out to be
1− (Ciji,j−1;i+j,i+j−1)
2 − (Ciji−1,j;i+j,i+j−1)
2 ≡ 0 , (43)
which is simply true.
We believe the approach we present above is the easiest way in deriving the identities (38,42).
Numerically we have tested these identities to be true In principle, the identities in (38,42) can
have a proof using the traditional approach in angular momentum theory, which is, although
desirable, not our focus in the present work.
5 Summary
In SUSY models, the components in the Goldstone modes are shown to be explicitly proportional
to the VEVs, with no more dependence on the parameters in the superpotential, which are
consistent with the general results on gauge theories with SSB. Identities among the CGCs are
found as examinations to the calculations and are applied to the SU(2) cases.
DXZ thank Prof. Y.-X. Liu for helpful discussions.
References
[1] J. Goldstone, Field Theories with Superconductor Solutions, Nuovo Cim. 19 (1961) 154.
[2] Y. Nambu and G. Jona-Lasinio, Dynamical Model of Elementary Particles Based on an
Analogy with Superconductivity. 1., Phys. Rev. 122 (1961) 345.
[3] J. Goldstone, A. Salam and S. Weinberg, Broken Symmetries, Phys. Rev. 127 (1962) 965.
11
[4] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 (1967) 1264.
[5] A. Salam, Weak and Electromagnetic Interactions, Conf. Proc. C 680519 (1968) 367.
[6] S. L. Glashow, Partial Symmetries of Weak Interactions, Nucl. Phys. 22 (1961) 579.
[7] J. C. Pati and A. Salam, Unified Lepton-Hadron Symmetry and a Gauge Theory of the
Basic Interactions, Phys. Rev. D 8 (1973) 1240.
[8] H. Georgi and S. L. Glashow, Unity of All Elementary Particle Forces, Phys. Rev. Lett. 32
(1974) 438.
[9] S. Dimopoulos and H. Georgi, Softly Broken Supersymmetry and SU(5), Nucl. Phys. B 193
(1981) 150.
[10] T. E. Clark, T. K. Kuo and N. Nakagawa, An SO(10) supersymmetric grand unified theory,
Phys. Lett. B 115 (1982) 26.
[11] C. S. Aulakh and R. N. Mohapatra, Implications of supersymmetric SO(10) grand unifica-
tion, Phys. Rev. D 28 (1983) 217.
[12] P. W. Higgs, Broken symmetries, massless particles and gauge fields, Phys. Lett. 12 (1964)
132.
[13] F. Englert and R. Brout, Broken Symmetry and the Mass of Gauge Vector Mesons, Phys.
Rev. Lett. 13 (1964) 321.
[14] G. S. Guralnik, C. R. Hagen and T. W. B. Kibble, Global Conservation Laws and Massless
Particles, Phys. Rev. Lett. 13 (1964) 585.
[15] P. W. Higgs, Broken Symmetries and the Masses of Gauge Bosons, Phys. Rev. Lett. 13
(1964) 508.
[16] T. W. B. Kibble, Symmetry breaking in nonAbelian gauge theories, Phys. Rev. 155 (1967)
1554.
[17] X.-G. He and S. Meljanac, Symmetry breaking and mass spectra in supersymmetric SO(10)
models Phys. Rev. D 41, 1620 (1990).
[18] Dae-Gyu Lee, Symmetry breaking and mass spectra in the minimal supersymmetric SO(10)
grand unified theory, Phys. Rev. D 49, 1417 (1994).
[19] J. Sato, A SUSY SO(10) GUT with an intermediate scale, Phys. Rev. D 53 (1996) 3884.
[20] C. S. Aulakh, B. Bajc, A. Melfo, A. Rasin and G. Senjanovic, SO(10) theory of R-parity
and neutrino mass, Nucl. Phys. B 597 (2001) 89
[21] C. S. Aulakh, B. Bajc, A. Melfo, G. Senjanovic´, and F. Vissani, The minimal supersym-
metric grand unified theory, Phys. Lett. B 588 (2004) 196.
12
[22] B. Bajc, A. Melfo, G. Senjanovic´, and F. Vissani, Minimal supersymmetric grand unified
theory: Symmetry breaking and the particle spectrum, Phys. Rev. D 70 (2004) 035007.
[23] T. Fukuyama, A. Ilakovac, T. Kikuchi, S. Meljanac and N. Okada, General formulation for
proton decay rate in minimal supersymmetric SO(10) GUT, Eur. Phys. J. C42 (2005) 191.
[24] T. Fukuyama, T. Kikuchi, A. Ilakovac, S. Meljanac, and N. Okada, Detailed analysis of
proton decay rate in the minimal supersymmetric SO(10) model, JHEP 0409 (2004) 052.
[25] T. Fukuyama, A. Ilakovac, T. Kikuchi, S. Meljanac, and N. Okada, SO(10) Group theory
for the unified model building, J. Math. Phys. 46 (2005) 033505.
[26] C. S. Aulakh and A. Girdhar, SO(10) MSGUT: Spectra, couplings and threshold effects,
Nucl. Phys. B 711 (2005) 275.
[27] C. S. Aulakh and S. K. Garg, MSGUT : From bloom to doom, Nucl. Phys. B 757 (2006)
47.
[28] M. Malinsky´, Higgs sector of the next-to-minimal renormalizable SUSY SO(10),
arXiv:0807.0591.
[29] C. S. Aulakh and S. K. Garg, The New Minimal Supersymmetric GUT : Spectra, RG
analysis and Fermion Fits, Nucl.Phys. B 857 (2012) 101.
[30] C. S. Aulakh, I. Garg and C. K. Khosa, Baryon stability on the Higgs dissolution edge:
threshold corrections and suppression of baryon violation in the NMSGUT, Nucl.Phys. B
882 (2014) 397.
[31] P. Nath and R. M. Syed, An Analysis of B-L=-2 Operators from Matter-Higgs Interactions
in a Class of Supersymmetric SO(10) Models, Phys. Rev. D 93 (2016) no.5, 055005.
[32] Z.-Y. Chen, D.-X. Zhang and X.-Z. Bai, Couplings in Renormalizable Supersymmetric
SO(10) Models, arXiv:1707.00580.
[33] L. C. Biedenharn and J. D. Louck, Angular momentum in quantum physics. Theory and
application, Encycl. Math. Appl. 8 (1981) 1.
[34] H. Georgi, Lie Algebras In Particle Physics. From Isospin To Unified Theories, Front. Phys.
54 (1982) 1.
13
